Abstract. In this work we classify the fifth-order integrable symmetrically coupled systems of weight 0 that possess seventh-order symmetry. we obtained 2 new integrable systems that related bi-Hamiltonian formulations are constructed too.
Introduction
Many approaches have been advocated to the classification of integrable evolution equations, all of wich have their benefit but the most successful ones are the generalized symmetry method and the conservation law method. In recent years studies on fifth-order systems of two-component nonlinear evolution equations have received considerable attention. Some completely integrable equations of this type were found by Mikhailov, Novikov and Wang [15, 14] and Talati [19] . It is inevitable to consider limited classes of this type equations for doing a complete classification. It is useful in classifying symmetric generalization of scalar evolution equations. A mileston in this direction is the work of Foursov on the classification of third-order systems with two-components [8] . Many integrable systems have been classified using this direct classification. In this paper we extend this approach to the case of fifth-order evolution systems of weight 0 and have found all coupled integrable equations of this class and have demonstrated that this equations possess infinitely higher generalized symmetries and conservation laws. Coupled two component integrable equations of form
possess a hierarchy of higher symmetries
and this property can be taken as a definition of integrability. System (2) is said to be generalized symmetry of System (1) if
Here
. In all Known cases the existence of one higher order symmetry seems to be sufficient for the existence of infinitely generalized symmetry.
that is said symmetricaly coupled integrable system. The well-known Sasa-Satsuma system
is one example of this type systems. It is easy to see that the system(4) is homogeneous if we assign weightings of 1 to the dependent variables, while x− and t−differentiation have weights 1 and 4, respectively. It is known that the majority of integrable systems have infinitely conservation gradient.To prove the integrability of an equation suspected to be bi-Hamiltonian, one need to find an appropriate compatible pair of Hamilton operator J and K such that the Magri scheme
constructed by the operators contains the equation in hand. Here F i [u] are characteristics of symmetries and G i are the conserved gradients. A system of evolution equations,
is said to be a generalized conserved gradient( whose Frechet drivative is self-adjoint
Let ρ i be a conserved density of two-component evolution system. The relationship between conserved gradient and conserved density of evolution system can be written as
.
Statement of the problem
The right-hand side of all integrable systems of evolution equations is a homogeneous differential polinomial under a suitable weighting scheme. Let us consider a symmetric system of two equations
..) denotes a differential polynomial function of x-derivatives of u and v. The system of diferential equation (6) is said to be λ-homogeneous if it admits the group of scaling symmetries [7] (
In this work we are restricting our attention to λ = 0. We determine all equations of the form (6) with
possessing an admissible generator of form (6) with
The main matrix of these sistems is
By a linear change of variables, the matrix (9) can be reduced to following canonical Jordan form
Because of properties of symmetric systems, we will restrict our attention to γ 2 ≤ γ 1 , γ 1,2 = 0, 1.
Similarly we will deal with two canonical Jordan form 1 0 0 1 and 1 0 0 0 .
3. Classification of 0-homogenouse symmetricaly coupled fifth-order integrable Systems of two-component evolution equations Theorem 1. A coupled fifth-order system of two-component evolution equations of form (6) and (7) that possesses a seventh-order generalized symmetry of (6) and (8) (6) and (7) that possesses a seventh-order generalized symmetry of (6) and (8) Very recently, He and Geng [17] introduced a 3 × 3 matrix spectral problem, from which they founded a hierarchy of new nonlinear evolution equations
Theorem 2. Every coupled fifth-order systems of two-component evolution equations of form
The potential form of system (13) can be written as
and the potential form of second member of the hierarchy is the following symmetrycaly coupled 0-homogeneous fifth-order system:
that can be reduced to the potential kupershmidt equation with v = 0. By a linear change of variables, one can show that the system (13) is not new, it is related to system (21) listed in [13] 
it is easy to see that by change of variables
system (13) can be reduced into the system (16). It is obvios that this transformation changes the system (18) in [17] into the fifth order symetry of system (16) as well. The system (16) is the well known modified Boussinesq system [1] that is the member of class of following systems of evolution equations
All systems (18) possessing higher conservation laws were classified by Mikhailov, Shabat and Yamilov [2, 3] .
Integrability of systems (11).
By change of dependent variables
sistem(11) can be written in its canonical form
proposition The infinite hierarchy of system (19) can be write in two different way
with the campatible pair of Hamiltonian operators
where
where the coefficients satisfy
These densities suffice to write two magri shemes with same hamiltonian operators that one of them contains the new system proving integrability of the system (19).
Integrability of systems (12).
sistem (12) can be written in its canonical form
2 zw xx − 16z 3 w xx − 8zz x z xx + 12w proposition The infinite hierarchy of system (22) can be write innot just one but two different way 
where the coefficients satisfy 
